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The turbulent flow retains its

velocity when moving towards the
wall better than the laminar flow .

The reason for this is that the inertia forces being larger than the viscous
forces in the bulk for the turbulent flow .



Notation : Im denoting turbulent variables
"

normally
"

ex: Vx
,
and decomposing into Vivi +4 '

where VI is the mean and Vx
'

is the fluctuation
starting with the continuity equation

¥ + ☐ • ↳ v1 = 0

Assuming incompressible fluid ⇒ constant
g
⇒ ¥t=0

,
and T.ly V1 =gÑV

⇒ go . v --0

D. v --0

RHS : Inserting the newtonian stress definitions into RHS
= - ¥ -¥1m [28*-310.4]) - ¥ fifty -0¥])fÑ¥ +8¥]) -ygxw

from continuity equation

Assuming constantµ

= -8¥ +µ[2ᵈo¥+%j -1%8×+0%+8 if _' ggx
Using that the velocity profiles are continues

, do;¥=d¥ and d¥¥ =
dis
dxdz

Then , We can collect terms with ¥ :

= -8¥ +µ[ᵈo¥+%j+%¥+¥µ¥+ !; + %:] + ggx
THO from continuity



= - ¥×+µ[ᵈo¥+%j + %:] + ggx
The Full" equation is :
¥6k) +od-dgvxvxtdd-ylgvyH-id-z.lgvz.lk/---ddP-xtMffYv- %: + %¥] + ggx
Assuming g- const , and multiplying both sides by 1g

¥1k) +od-dvxvxtdd-ylvyH-id-z.lvz.lk/---fdd#-MgffYv- %: + %¥]+g×
Introducing Reynolds decomposition Vivi + Vi

' and p=p- +p
'

Then
, the resulting equation becomes :

(VINK)-1¥ /With'kñ+Vi))¥(Ñy+vikñ++¥zfñ+vikñ+V× 'D
= -§¥lp+pj+M-g[¥i(ñ+vi)+%ydñ+vi)+¥(viN×4]+g×

I 4

2 5

Willy
'

3 6

at :-. :) + oil: :)
Time averaging term by term : 4¥ p, 5

"

lvi-ivij-dd-tlvil-8-tlvxy.io?Tlvx1-d&.lvi1=K.-lvi )
2% 2%

vi.vikvi +vid ! (VIVI + Vivi + Vivi+ Vivi/ = # (Vivi + www.iv-x-V/iVi)--#(vivi-iVIvi)
Similarity

¥ /Ñy+VyHñ+ = ¥ (VJÑ + Vy
' Vii)



IVI + Vikki + = VIVI + Vivi)

g
5-
const

- f-¥1#f) = -§ . ¥1#pg
!
-§ -¥4s + f) = -§[¥ Ip ) + ¥(p%] : - f- ¥ (f)

For all terms in the square brackets :
4¥ 5k

M-gokilvi-w.it) =p f-
1¥ lñ + rid g. F.

¥. lñ + v.it -_g.(¥.lu) + ¥. ( = G- ¥.⇔

g andµ Applying I
are constant twice

This will be the case for the rest of the terms in the brackets as well.

The final term :

9T = gx as gx is a constant.

The resorting equation is :

8¥ +¥ tvxvi + virility tvyvi + Vivi) + ¥ (Vivi + Kiril = -}ᵈ¥+g[%É+%j + dig;] + g.

Comparing with the un - averaged equation in instantaneous variables reveals some new terms :

¥ ( viii.it
, § lvjvi) and ¥. /Vivi)

These are the covariances of the fluctuations .

Also known as
"

Reynold stresses ",
they can be viewed as the turbulent viscosity Las an analog)



-iM

Combining equations (4) - (6) and (7) - (9) yields :

g Vivi
= 8¥ = -µ

" do ⇒ Vivi = - Mg
"'

d¥- 111

Similarity :

Vy 've = - Ng
"

ᵈ¥- (2)
↳ ' th

'
= - MA) dvi (3)
y

'

dz

Looking at LHS of the equation from b) :

8¥ +¥ tvxvi + Kiki ) +

d-oytvyvi-vy.VN/+d-z.(vi-VI+k-Vxt--do*+o&lvivi1+od-ytvyvi)-o¥lññ+¥HiH+¥;!!;¥!¥Vi"
Inserting (1)

,
(2) and (3) into the Reynold stresses gives :

¥ Inuit + ¥6M + od-zlvivit-dxl.mg?doE)-od-yfn;dogi-)+od-.fng.doE-)
Assuming g andµ

"
is constant :

=
-µ¥⇒¢¥¥ WE * ¥¥Ñ**¥¥VÉf



Inserting into the equation from b) :

dvi
dt +¥ lññ ) +ddy-tvyv-xi-dd-zfk.tk) -4¥

#

[¥¥I * F-yy.VE * ¥¥µÉf
= -§¥,+g[%¥+%j +0¥. ] + gx

Now
, noticing that the expressions inside the square brackets are equal,

we can collect

the terms on RHS :

d
+ (VIVI) + dd-ylvjvi-od-zlv-z.lk ) = - f- ¥, -1M¥

"

[¥5k + ¥ VI +He +gx

Starting with the heat equation . We want to rewrite to the flux form using the

continuity equation .

Looking at the flux form : ¥ lvxt) + d-dylvytl-dd-zlv.tl
By use of the product rule :

= Vx¥1T) -1T¥ UH +vyod-ylti-tddy-lvyl-ivzd-d.IT/+Tdd-zlvz1--vx-i+VyEy+vzE.+T[8¥ +8¥+8¥]
in
=P. ✓ = 0 by continuity



This means that

¥ Nxt)+¥y Nyt) + ¥14T) = Vx ¥ + Vy ¥+4.8?
(or reverse)

Inserting into the heat equation , we get :

gcp + ¥# +8g lytl-od-z.lu.tl/=kfdoiI+djyI + %:]

Applying the decomposition of turbulent properties : Y = 4- + Y
'

⇒ gcp
dlttt ')

+
d / IVI + HIT -1T'D

+ dllvj-ivyHT-TD.cl/lVz+VziKT-+T')))dt ox dy dz

= k
04%+1+041=+1-4 +

04TH '

)
0×2 dy

2 dz 2

For the component balance, we can decompose directly :

⇒ dlñ#wit
+
d / (VI + willWI wit)

+
d(try -Ny'KwI+w

+
d(lVI+VéKwñ+w

dtdxdydz__

=D dkwi.tw/+d4wi.+wi)+d4wi.+wHdx2dyz dz 2

1. 5
.

2. 6
.

3. 7
.

4
. 8.



Time averaging the temperature equation term by term :

• Assuming constant fandcp , the LHS can be split :

gcpdlt-TJ.cl/lVItVxHT+T'D+d(lvy-ivyHT-iTD+d/lVz+VzHT-+T'D)dt ox dy dz

= gcpdlt-TJ.cl/lVItVxHT+T'D+d(lvy-ivyHT-T'D+d/lVz+Vz'KT-+T4))dt ox dy dz

Then
,
term by term :

dlitt 't :# (T.it/-dd=(T--i#
"

=

dt

3 3

dllvi-iv.it/T+T 'D ¥1k,
ox §

- T-H-it-iiv.it/=o&(viF+viT)
Expanding
and using 1

similarity , we get :

dkvj-wy.tl#'D--d-y(v-yT+VyT)dyd(lVz-NiKT+T'D--gd-z(v-zT-+Vz)dz

For RHS , assuming ktobe constant

041=+17+047+17+047 .it
'

) 84=+14+047+17+047 .it' )
k 0×2 dyz dz2

= K 0×2 dy2 dzz



😅

The terms are equal except for derivation variable

so for the first term :

84=+1-1 of
dx.

=

OF / I +F) = ¥. ( i. = did
✗
2

Similarity , for the find terms ,
041=+1-1

. %÷dye
811=+1-1

.

d'T
d 2-2 dz2

Inserting the time averaged terms into the original equation , finally gives :

54 / ¥t +¥(ñT + v.it/-od-ylvyt-+vjT)+d-.(viF+vitJ)=k&E+djyI+djE
g ↳ ¥ (bit ') , glp ¥ Ivy't' ) and gcplvét ') are new terms

I have no idea what they are, could you comment that to me
?

Now
, going back to the momentum equation , the LHS can be time averaged directly :

dlw-i.it wit
+
d / (VI + willWI wit)

+
d(try +Vy'KwI+w

+
d/NINE)(wI+w

dt ox dy dz

= dlwi.it wit
+
d / (Tx + willWI wit)

+
d(try +Vy'KwI+w

+
d/NINE)(wñ+w

dt ox dy dz
Again ,

term by term :

dwi + WAY
= ¥ ( *

+ W
,;) = ¥ (WI +WIT ? %¥Ot

Noticing that the remained ing terms on LHS are equal exceptfor having × ,yit
in the term

,
it is only necessary to show one of them



😅

dllv-xtvikwi.tw#=d-(-viw*+v./wT-vIwI/+v.iwI)=d&( VIWI + Wwii )dx

Similarity :

dllv-y-ivjkwi.tw#d=-dy(V-yWI+Vy'Wii)dyd/lE.+vHwI+wi.t)dz--
VI. WI + H' Wii )

On RHS
, assuming Disconstant :

D
d%i.tw/i)+d4wi.+wi)+d4wi.+wi.i)=Dd4wi.+wi)+d4wi.+wi)+d2(wi.tw/.i)dx2dy2dz20×2 dyz dzz

Again ,
behave 3 terms that only differ in if the coordinate variable is ×,yorz .

d4wi+w:) d4wI+Wa' )=d4wI+w TWI
c) x2

=

di 0×2
=

0×2

Similarity
d4wi+w:) TWI

dy2
=

dyz

d4wi+w:) TWI
dz2

=

dz2

Inserting thetimeaveragedtermsintotheequot.sn from d) , gives :

%¥¥(viii. + viwii)+¥( vy-wi-ivy.ua/+d-z./viwi+viw.i/=Dd2oYI+dTY-idT.E

Wiwa:) ,od-ylvjwkl.dz/Vziwii)arenewtumsIhauenoideawhattheyare
,
could you comment

that tone?



D--ofr-

Combining (141-46) with (171-119) gives :

k"' di

g Cp hit
'
= 9TH = - k

" 8¥ ⇒ Vx'T
'
=
-

yep dx

gcpvjt
'
= qttl = - k

"
⇒ vy'T

'
=
- {¥ ¥y
k"' di

g Cp Vz'T
'
= q-z.lt = - k

" 8¥ ⇒ Vz'T
'
=
-

yep dz

Inserting this into the heat equation from e) :

For LHS :

glp / ¥t +¥/VIT +

V.it/-dd-y(v-yT-+Vy'T)+d-z(vIT+ViT'D=gCp(dIt-d&tvxT)-od-ylvyF) + ¥ (vitt) +gcp#(v.it/-od-ylvjT)+d-.(viT'D=gCplF+-o&lvit1-od-ylvitT+d-.lvitD-sH¥f;¥¥t¥t;¥¥t¥f¥. :#

Assuming that - §¥ is constant , it can be drawn outside of the parenthesis

=gCp(d¥+¥(ñT)+¥y(g- F) + ¥ fit)) - k"/ ° + %. +8¥ )



The full equation then becomes : These are equal

gG(¥t+¥(ñttodglvitt. ¥ fit)) - kÉ¥É;É¥I=k!¥+%¥%¥-
gG(¥t+¥(vittodglvy F) + ¥ hitD= Kielty ! +8¥ -0¥.

Combing 120) - 1221 with (231-125) :

gviw.i-j.it?.gDH1dwa.dx => View; = -
DHI dwt

ok

gvjwii = jy " = -

g D
" d¥y ⇒ vjw; = - D

"' dwt
dy

g Hwi
= j

'
=
-

g D
" %¥ ⇒ vz.io; = - D

" dwt
dz

Inserting into the component balance from e) :

%¥o¥(viii. - D" 8¥) + ¥ / vy-wi.pl" do# + ¥
. / viwi.pl" dow;) =D %É+%¥ Owi

y
+

DE

Assam in D
"
to be independent of coordinates

%¥¥ /viii. + ¥ / vjwi) + ¥. / viwi) - D" %É+%w%¥ =D %É+%w%¥

Finally :

%¥¥ /viii. + ¥ / vy-wa.Y-id-z.lviw.it + D
") %É+%w%¥



Rewriting 126) : kl" = Cpu
"'

Prlt)

(27) : DH! µ
CH

SCH'

Inserting 126) into the heat equation from f :

gcp / ¥ -1¥/vittodglvjt) + ¥ fit)) = kept:# 8¥ +8¥ -0¥.

Inserting 127 ) into the component mass balance :

%¥¥lñ -wit -§ / vy-w.it#viw.i)=D+ns:HdYI+d:w;-.dT.E


