
Assumptions:
1.
g
andµ is constant : Any dog d operator applied to form becomes zero

2. Constant pressure : DP and IP is zero

3. Infinite system in y - direction : G- = 0
4. We want the steady state equations : ¥ = 0

5. Assuming infinite y - direction , laminar flow, and no forces in y-direction
: Vy = 0

6. Constant film thickness : Can't have movement in the ✗ - direction ⇒ Vx --0

7 Assuming equilibrium between liquid and gas : Forces are equal in × - direction 0×111=8×1g)
• Infinity y -

direction

E- Milky ,
%-)

Vx --0 (P -V = 0
,

shown later)
⇒ Txz (d) = Ez (g) at ✗ = 0

8. Assuming only gravity in the 2- - direction : gx = 0.gg (gravity vector parallel to z-direction)

continuity equation in cartesian coordinates

☐

Assumption 4

Using g
= constant

g 18¥
+ G- + d¥)=o g≠o

8¥ -0*+0%-0=0
⇒ TV = 0

,
and using assumption 5 and 6.vi. Vy --0 ⇒ d¥- = 0

- Equation of motion in Cartesian coordinates

at
☐
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g
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LHS = 0

RHS =
-

dot×
_ Oryx

.

drzx
dx dy dz

•
6

⇒
drxx =¥fµ .D= O

w dx

= 0 from
continuity eq

☐
6

•
5

= 0 ⇒ dry× = O
dy Result from continuity

equation

☐
6

= .nd¥ ⇒ %¥=¥tnd¥) -1m¥.tt#1=-n&lE.I=o=sdrzx=o
↑

dz

Vz is Continous
dis distributive

⇒ LHS ≈ RHS --0 ok!

o
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is is E

oh

⇒ 41-5=0

RHS = - %y _ doggy , dozydz
3 5

/ / = 0 ⇒ %¥=o

3 yr
5

-

= 0 ⇒ %g=o
=0 from continuity
equation

☐
5 ☐

3

= o ⇒ 0%9=0
⇒ RHS --0

⇒ LHS = RHS --0 ok !



☐
4 gb §

of

LHS = 0%(9%4) =p gdd-zlvz.lk
.)=2gVz %; = 0

↑
Assumption I

%¥=0 from continuity equation

LHS = 0

RHS = -

d%
_ dryz , drzz

dx dy dz tfgz

a.
6

= _nd¥ ⇒ - ¥" = - ¥1m %:) ;n%¥⇒-d¥.=n%¥
Assumption I

☐

5
☐
3

= 0 ⇒ 0%2=0

d¥=0 from continuityegg
= 0 ⇒ %¥ = 0

in

⇒ from the
continuity eg

ditz
⇒RHS = µ 0×2

+ fgz

RHS =L its ⇒ µ 8¥ +ggz = 0

%¥z = - F- /
"

Integrating
"

S# 1%: )dX=f%d×
%; = -89g ✗ + C , /" Integrating

"

J# vz.cl/x=ffS9j--x+cIdxVz(x)---L9jx2tGX-Cz



Must determine C
,
and Cz ⇒ Need suitable boundary conditions

• No slip condition at the wall ⇒ Vz(✗= 8) = 0

• Assumption 7 : Assuming equilibrium between liquid and gas ⇒ Txz (d) = Ez (g) at ✗ = 0 ( shown on first page)

Txzlll ≥ rxzlg) ⇒ -Meiq (8¥ + d¥)ei = -Mgas %¥+d¥)gas / µ÷i
Assuming Mgas <<May ⇒%? ≈ 04¥ + d¥)eiq= Ffi:( ᵈV¥+%¥)gas This holds true in most cases

☐
6

⇒4¥ +8¥ )iii. °

⇒ 8¥ = 0 at ✗ = 0

Applying 8¥ at ✗ = o to dvz
dx :

dvz 4=0) = - 8¥ • 0 + C ,
= 4=0

dx

⇒ 4=0

We then have Vzlx) = - {% ×? Cz , applying Vzlx --d) = 0 :

Vz /✗= 8) = -99£ -1 (2=0
2M

⇒ G- 5g

Vzlx) becomes :

Vzlx) = - {% ×? 1%82=1%(81×2) •¥ = 1%(1-187)

Finally

Vzlx) = {% ( I - ,
which is what we wanted to show



The first law of thermodynamics :
DE total

=

neat +Ñwork
Dt

where E total = J g (e +£ v2+ 4) du Tor v ?
V (t) what is the correct notation

here?

And e is the internal energy

£ v2 is the kinetic energy } Per unit mass

∅ is the potential energy

heat = - f g. n da ,
where 9- is the heat flux across the surface of the control volume

Alt)

Ñwork = -J IT . v1 . n + EI.
,
# KID da ,

Alt~ ~

Mechanical work potential work

Inserted into the 1st law of thermodynamics. we get the lagrangian frame formulation

D
☐ , J He + £ v2+ 4) di = - J q - n da -S IT . v1 . n + É

⇔
Kkk) • n] da

VH1 Alt) Alt)

µ
This term must be a scalar in order to have equal tensor order in the sum

§ Lex 'svi. is the change in
total energy with respect to time

-0 . § (ex{v2+ A)☐ is the convection

term
,
the energy input due to connection- D. is heat change due to conduction

- t.gr) is the mechanical work done by pressure/volume changes
- D • (J . V) is the mechanical work done by viscous forces (stress)

- ☐ • (Égave.dk) is the potential work done by external energy fields land diffusion inside said fields)
( = I



As the total energy consists of internal , kinetic and potential energy , the internal

and kinetic energy can be expressed as Ei +Ek = Eta - Ep

Goal : • Factor out the terms of the potential energy balance from the total energy
balance

• Subtract the potential energy
balance from the total energy balance to

get the answer.

Starting from the total energy
balance in the eulerian frame :

[gle + Ii +☒ = - off let £ v2+ Hv] - O -

q - T
. (pv) -9kV) -0 . ( Égcvadoc)

E- 1

Using that D. , the partial derivative ¥, and the dyadic vector product are distributive ,
we can write :

one of the terms in the

¥6k + £ v2 + ∅ )]=¥[g(e + £ v4] + 01¥
/Potential energy balance

∅ is a scalar⇒The order doesn't matter

-T.ffle-itii.io/)if=-0.Gle+tav2)V)-v.(g&v)=-P.Gle-i-avYD-P.lgvH
We now have the entire LHS of the potential energy balance

moving all terms of the potential energy balance to the left handside , we get that
the total energy balance becomes :



¥6 let's v4] + "¥' +

T.ly#-t.(.&sck.dk)--0.Gle-itav2)V)-V.q-0.lpv)-Vlr.v)
Recognizing the terms in grey to be the LHS of

the potential energy balance ,
we subtract the potential energy

balance from the total energy
balance

.

Finally , we get :
= - RHS of potential energy balance

Thr
§ let's v4] = -0 . § let £ v2)V] - O -

q - T
. (pv) -9kV) + €,

Selvigc)

starting out with the internal and kinetic energy equation , and factoring the
LHS and connection terms using the distributive properties as done in c) :

Grey=Terms in eq (4) ; kinetic energy equation

01¥ + £v4 = -0 . ↳ve) -0 . ↳ÉVV) - O -

q - T
. (pv) -VK.ir) + &,

Selvigc)

Subtracting the kinetic energy equation from the expression above gives :

dlge)Not= -0 . If ve) -0 . 9- + ¥
,
Silk . g.) - p 6.V) - & : PV) - V.§ lgcgc)

where the grey part came from the kinetic energy equation .

Finally , recognizing that the underlined terms are the same as in eq. (6)

⇒ ¥
,
Silk . %) - V.¥

,
legc) = ¥41k .%)



We end up with :

d(get
of

= - D. (fue) -D. 9- - p 6.V) - & : Pv) +¥
,

(Figc)
,
which is the equation we wanted

.

Rewriting (7) : e = h . Pg
Inserting into the answer from d) :

¥ 6th - -0 . lgvlh - Pg ) -D. 9- - plow) - E. or)+&!Hi%)
Separating terms

%¥ - ¥ = -0 . lgvh) +0 . HP) -0 . - plow) - & : PV) + &! (Figc)
We now want to combine the pressure terms into f- = ¥1 + V. Pp

vector identity : t.lab) = at. b + b.Pa

⇒ ☐ • Wp) = Vip + PPV)

Rearranging a bit then gives
dlgh)
dt

+ T.lyVh) = - D. 9- + ¥ + V.Opt pH . V) - pH . V)) - E. or) + &! (Figc)
HEY

d( + T.lyVh) = - D. + ? - 18:04 :&! He .%)

Which is equivalent to the enthalpy equation (67) from governing equations.



starting from the answer from e)

dlgh)
dt

+ T.lyVh) = - D. 9- + - 18:04 + %cD-c.ge)

factoring terms

dlgh)
Ot

=

g ¥ + h ¥
D. lgvh) = gv.HN + hugV1

⇒ LHS =

g 8¥
+gv.HN + h ¥ + ht.fr/=g#f+h(ds-t+P.lgvD=g !

~
=0 by the continuity equation

we then have that :

g ¥. =
- D. + - E. Pv) + &! (Figc)

Inserting equation 110) for ¥t :

gcp
'It + Sfg -THE )pµ] ¥ - É=, hi ☐ • ¥

.

- É
,
rarer fair. crest =

N

- P . + - E. PV) + § He .%)



Moving all terms except gcp
'¥ to the right, and multiplying out the terms in the square brackets

9-

gcp
'It = -0 . 9- +1¥? - F) + Tg ( °¥)pµ ¥ - IF :Pv1 +¥

,

1¥ .g.) + !&ñ☐¥w
.

+ § rr.us/-0H-r.creD
7T

Using the chain rule , using that g is a function of T :

dlg - Y
a-

=# (f) •¥, = -¥ ¥

⇒ Ty 18¥ )pµ¥t= - ¥18ftp.w#t
Finally :

9-

gcp
'It = - ☐ • 9- - } 18ftp.w#t-lF:Pv) +É He -g.) + Éñ☐ . Ew

.

+ § rr.us/-0H-r.creD
G- I G-1

Which is the equation we wanted to get.

In this equation :

• gcp Dpt is the rate of gain of heat content per unit volume

• f. is the heat flow due to connection/conduction

• § ( doftp.w is the rate of pressure work from surroundings on CV

• (F : Pv) is the viscous dissipation term : the rate of irreversible conversion from kinetic to internal
energy

N

• EH,g.) is the rate of work done by body forces on the CV
G- I

• &
,

hit . Ew
.

is an energy flux caused by inter - diffusion

•••É
,
rr.us/-0H-r.creg) is thermal energy release by homogeneous chemical reactions

.



For chemical
,
exothermal reactions

,
it is reasonable to assume time

dependency of the temperature field, heat connection, heat conduction and

transfer of energy due to the chemical reaction
.

DTThis means that gcp Dt
,
99 and E. rarestOH-r.ca) are not negligible

Generally, except for in very specific systems, the heat transfer of convection/conduction
and the heat from the reaction is a lot bigger than the pressure work , viscous dissipation ,

work of body forces and the energy from interdiffusion. Therefore, unless the system has

specific properties, they are negligible .

This means that the "surviving
" terms are :

g. Cp #t
= - ☐ • 9- + §

,
rr.us/-0H-r.creD


