Problem 1: Laminar flow in a tube

a) Start out from the handout note listing the governing equations in their rig
orous form and simplify the continuity and momentum equations in cylin-
drical coordinates as much as possible for an incompressible Newtonian

fluid having constant fluid properties (i.e., viscosity and density)
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The following assumptions can be made in order to simplify the problem:

A liquid with density p and viscosity u flows in a o _}R 1. Steady state.
horizontal tube as shown in figure 1. The Reynolds
number is so small that the flow can be considered

2. Fully developed flow thus neglect any entrance and outlet effects.
laminar. The flow can be considered fully devel- 3. Axi-symmetric flow.
4
5

Figure 1: A horizontal tube.

oped. . Convective transport only in z-direction (main direction of the flow).
. Diffusive terms in the z-direction are negligible compared to the con-
b) Use the equation of motion (Navier-Stokes equation) and the equation of vective terms.
continuity in cylindrical coordinates (see handout of governing equations) 6. No eravity in z-direction because the tube is horizontal.
to show that the radial velocity profile (the velocity in z direction as a ' & Y
function of r) can be written as: 7. The pressure gradient in the flow direction, ’Z—P is constant
r\2
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where Uy, is the velocity in the middle of the tube (i.e., Vpmez = v |r=0)-
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c¢) Derive an expression for the cross-sectional average velocity using the ve-
locity profile from part a. The constant maximum velocity, vmqz, can be
considered known.

The average velocity is found by:
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d) Plot the velocity and the shear stress profiles by-use-of Matlab-
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e) In many biological applications, the biofluids’ response to the shear de-
formation cannot be described by the Newton’s law viscosity, i.e., their
viscosities are not constant but functions of the shear rate. One simple yet
useful model used for this type of fluids is the power law model:

o=-n(})% and /{Agn () = my™! 3)

where m, n are the model parameters, o is the deviatoric stress, ¥ =
Vv + (Vv)T" and its magnitude, ¥, is given by

1
S L 4
= 2"/’7 (4)

By considering the physical configuration and the assumptions in parts a)
and b) (except constant viscosity), show that the rz component of o is

O =m (—%)n (5)
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f) Repeat part b) for a power law fluid to show that the velocity profile is

0= [(E)am] -] o

and recover the velocity profile for the Newtonian case given in part b), by
setting n = 1 in Eq. (6).
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g) By taking m = 1, (fTI; = —1,R = 5, plot the velocity profiles for shear-
thinning (n = 0.5), Newtonian (n = 1) and shear-thickening (n = 3) cases.
At what positions the apparent viscosity has its largest and smallest values
in each case? Comment based on the shape of the velocity profiles.
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