
Exercise 4

Legendre transform :

yi=f-¥×i)¥÷
.

Where Yi ( Gi, Xj , . . . ✗µ) is the transformed function ,

flxi ,Xj , .
. . , XN) is the original function

and Gi =(¥i)×; . . . . ,×n is the transformed variable

⇒ Yi = f- {ixi ①

Derivation of useful properties of the LT (needed in later calculations) :

• The total differential of f : df.tt#i)x;...*.udxit&C&)n.ix.dXkk--idf=9idxii-É(¥k)×i.no#.dxk2k-ti

•The total differential of pi : dyi-fffi_Li.xidf-i@dYi_ig.xidGi-ifHi1g.qi dxi
housing yilf , ✗i. Gi)

Using 1 : = If - xidlei - ogidxi

Using 2 : = É(¥k)×i.no#.dXk-xidGi3k--i
• The total differential of Yi : dpi =

a.* d{i + [ dxn 4
↳ Using Yi ( Gi

, Xj , . . . ,Xµ) Hi
dxk Giinotxk

↳ Allowed as Yi is a function of
f , which is a function of

✗i
, . . . /

✗N



Combining 3 and 4 gives :

%¥i)×
; " ,×µ=

- Xi 5

HE ){i.no#iHx.ki.n.ixipk 6

by definition

• Repeated transform

Pi;
-

- Yi - Gjxj = f- Gi Xi - { ;X; -- f - G;X; - Gili -- Yi - GiXi -- Yji

⇒ lfij =pji

⇒ We
"

lose
"

a transformation per repeated LT.

• Using Lt on VK.HN) :

• A(T.VN/--Yi--sUseLT,xi=s
•HIS, p.lv/--lfz--sUseLTwithxi--V

⇒ A-- U -(F)v. µ .s=U - T.si ⇒ H=U - (¥1s ,µV=U - *V

tA-- U -TS
7=7 H=U+pV

Te - p

⇒ 1¥)w=T ⇒ 1¥)sµ=-p

Using 5 : (¥_)yµ= -5
Using 5 : 4¥)sµ=V ( *= -p)



• 61T, p , N) = the U - (F)v.ws -1¥)s,µV
Using previous results : = V - TS t PV

Using 5 : ¥)yµ =
- S

(¥1s.lv = V (Hp)

• 01T
, p , µ) -- has -

- U - (E) v.v5 - (¥ )s,µV - (¥v)s,iN
"µ by definition

= V - Ts + pV-µN

⇒ 18¥)sµ=n

From 5 : (8¥) v.µ = - s

(¥1s,N = V ( p= -1T )

Coffs,r= - N

In addition :

0=0 - TS-ipv.MN

In exercise 3
, assuming U to be an elder homogenous function :

0--1-5 -pV+µN

⇒ D= U -U :O ⇒ 0=0

U-TS-ipv.MN = 0

[
We can derive Gibbs . duhem from this



Gibbs -duhemeq :

-SIT + Vdp - §nidµi=0
Constant T

,
one component ⇒ IT--0

, §nidµi= NM

⇒ Vdp - Nu --0 ⑦

•Mig

from 7 : dµ= Yvdp
, for ideal gas , NRT=PV⇒V=N¥ ⑧

dµi•=RpIdp

guilt , p
)

dµi9= RT /
"

¥
Mislt

, pal Po

⇒ µig IT,p)=µ " Lt, pot + RT In¥)

µ
is IT,p)=µis A) + RT ln¥)

• Gig

As gis=µig
p t

molar
chemical

gibbs potential

Then Gi9=Nµig
Gio ftp.N/--N(Moi9lT)+RTln(¥.))



• Aig

- Euler's 1st theorem : E ×i(¥i)=kf
} ⇒ A = v),µVt t.VN

- AH ,v.N)

¥0 %? k= I

Need (8¥)
,
,
µ

and (¥v)w
.

Using results from problem 1
,

and 6 :

vk.ae#)s.n=-pldFov)i.v--HY-v)s.v--M
⇒ A = - pV+µN

Using 8 : A is = - NRT +

µis . N

Ais = - NRT + N .His A) + RT ln¥)]

or ,
aig = 4¥ ⇒ ais =µ. It - RT ( I - In ¥)

• gig

In problem 1
,
it was found that : - S =/¥, )yµ ⇒ 5- - (¥-1

,

Performing the partial differentiation :

S = NR - N . [n%¥ + ¥42T In ¥1B
8=[121-14%1] = Ren¥1 +RT.HN#D--R.lnH+Rt . ¥¥¥ ¥ 1¥)
P is a function of T.p.is not ,

8 ⇒ = R.tn/F-.)+RTt-pyp&.--lNRt-)
= R.tn/f-o)tRTp--NR---RilnE-.tR . ¥ .NP

"
"

= R.lu + R



⇒ si9-NR.lv .[M%¥ + R.tn#-iR]

sis = - N [ Miff" +121m¥)]
• wig

Using the definition of Helmholtz energy :

A-- U -TS

⇒ U = A + TS

Vig = Aig + 1- gig

=
- NRT +Niti' ITI +R¥¥)] - T. N [ Miff" +R.tn/Y-#UiY---NRT+NpoislT) - NT M°¥

This can be shortened : (Not sure if this is necessary , but it was done in the lectures )

We have that 61T
, p: N) =µo IT) • N

And also that

6 (T.MN/=HlT.p;N1-Tslt.p:N1

⇒ µ . III. N
= HIT

, piN) - T.slt.p.lv)

prob
- S =/%-),µ =Ndy¥

⇒ HI = Nlm is It) - T . %¥)

vis = Hi! - NRT



From problem 2 : Vig = Hig - NRT (The H° - notation was used for p° in the last problem ,
here :F)

His = Nfu :(D-T drift) )0T

Integrating DUB : Mayer's relation

DUB (T) , cjs IT pies - NR) IT /Assume Cp to be a weak function ofT

vis (T) - U.is = Kpis - NR) IT -To)

Vig = UH + G. is IT -To) - NRIT -To)
-

'
= His - His

= Voi9 + His - His - NRT - NRTO
"

Pollo

= U,
"
-p.rs + His - His -NRT
w
= His by
definition of H

Vig = Hi9 -NRT ⇒ Which is the same as problem 2

• I would calculate It from : HYTI = Nfu.is (17-7%1117)OT

Uijltl = High9 - NRT

or
, if I used a table

,
I would look it up.

• The standard reference state is defined differently depending on the most convenience in doing calculations for a system

and differentially in different tables. Usually 1-0=257
, p
. =/ bar

• In tables the reference state is usually set to U:O ,

and then other values is calculated in relation to U?



The expansion rule:(¥y)z=l¥H¥y), + (81%184) ,

a) In canonical variables : Hls , p)

Using the expansion rule :

1%+1=1%1.1%-1 +18¥)sl¥k

In exercise 2
, combining TD

1st and 2nd law :

dH= Tds + Vdp

Total differential : } ⇒ (¥)p=T , 10¥)s=V

dH=(¥)pds -118¥)sdp

We now have :

1%+1=1%1+4*1
to evaluate this

for suit : Is = #-) . It +¥v)idV
For Us , v1 : du = Lds + (F) sdv /Problem 1 : 1¥);t.CI/s=-p
Inserting IS into DV gives duct ,v1

:

dU= -1 K¥)udTY¥fdv] - pdV=H¥)vdt -4-6%1:p]dV



Total diff for ULTN) : dU=(¥)vdT -11¥),dV

We now see that 1¥)u=T(¥)u =p
Cv

per def

⇒ 1%1=-4

⇒ 10¥)v=cv+Vt¥)r

b) HIGH

19*1=1%51.1%1. +1¥.tl#i
= 1- (¥) , + V Maxwell relation :(%-)

,

=
- #-)

,,

1¥)i=v - 1- ¥-1.

c) 9¥)p=(¥118k. -1184118¥
'

Need (E) p

Using that ¥)z= ¥⇒
,

188-4=1%1
,
I 11¥ ), = (¥1s
Maxwell
relation



total diff U : dv-H-skds.it#)sdV
Combined 1st + 2nd :

du -- Tds - pdv

⇒ 1%1=1,18%1 :p

⇒ (8%1--1-187)
,

- p

d) Akil

s)p -1%-11%1. +1%-4+1%1.
Combining 1st + 2nd law :

dA= - Sdi - pdv
total differential

:µ, .gg#yd, ,µgyµ } ⇒ (¥-1 = -5,18¥), = - p

Maxwell relation

1%4=1%1

↳ = (¥-1:-(¥1.1¥1 +18¥)sl¥°
cp=¥s)p(¥-4 I 1¥)×=0

¥

cp.tl#)v

⇒ 1¥)r=¥ ⇒ 1%1=1!⇒i¥



4¥)p= - step -1¥)sP

4¥)p= - ¥ -1¥)sP

a) Inserting P and K

dH=CpdT + Lv - BTV] dp

dS=¥dT - Vrsdp

Considering that Cp is a weak function of T ,
and B and V are weak functions of p

⇒ Assume Cp , B and V to be constant during the change

(pre Jp =

7%305+751314
= 75,3095 k¥

2

ps,x-p, 458-2568-1.10-6
= 513.10-6 K

- l

V, a J,
=
181234+181174

= 18,204 (mYmol
2



DH -- Cpdt + [v - BTV] dp
T2

f ""dH =/ (pdt + fill -BE) dp
H , T , P ,

OH afcp>(ta -ti) +CV> (I - (Pta)(pop,)

OH = 75,3095 µF, (32314-29814) + 18,204 cmYmol . (1-513.10-6×-1.32314) / 1000bar -1bar)
= 1883 ¥, + 1517¥01

(m3 . bar
= N*m?Pa=l0"mfj¥H_ =D

"

Flmol
MOI MOI

OH --3400 71m01

dS=¥dt - Vpdp

gs-ds.fi#dT-fPVpdp
S
, T, P,

05 a Xp> In ¥ - CVXB> 1Pa- pi)

= 75,3095 k¥, • In (3?a¥) - 18,204 cmymol.513.IO" K" ( 1000bar -1bar)

= 6,067 Hand - 0,933 Hand

05=5,134 Hk.mn

b)

pop
,

- ②• Hipz
Pz

OH -- §?¥p)+dp= f. V11 -ptadp
Tz

Pz

05=4
,

1¥), dp = ftp.dp
p
,

-

H
, .gg

01¥
,

@¥)pdT=f¥dt
,

p,

•

os-j.tl#)dTf?Y--dt
I 1 I

ti Tz T


